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We discuss how the propagation of electromagnetic fields described by a general two-parameter
lagrangian, which contains the Euler-Heisenberg effective lagrangian and the Born-Infeld lagrangian
as particular cases, is affected by a pair of parallel plates that impose boundary conditions in the
quantized field. We consider three differents setups, namely: (i) two perfectly conducting plates;
(ii) two infinitely permeable plates and (iii) a pair of plates in which one of them is a perfect
conductor and the other has an infinite magnetic permeability.
In contrast to the classical vacuum, the quantum vac-
uum is not insensitive to external agents, but it behaves
as an active medium, where virtual processes occur giv-
ing rise to real physical phenomena. For instance, the
vacuum permitivity and permeability will be affected if
we consider the radiation field constrained by two parallel
and infinitely conducting plates. As a consequence, the
velocity of light is changed. This phenomenom, known
as the Scharnhorst effect [1], can be explained as fol-
lows: since the classical field interacts with the radiation
field through the fermionic loop any change in the ra-
diation field modes, as those imposed by the presence of
the plates, will have some influence on the classical fields.
Assuming that the plates do not impose any boundary
condition (BC) to the fermionic field, the Scharnhorst ef-
fect turns to be a two-loop effect. Scharnhorst concluded
that the speed of light propaganting perpendicularly to
the plates (and inside of them) is greater than the speed
of light in unconstrained vacuum. Also, for propagation
parallel to the plates, he found that the speed of light
is unaltered. Scharnhorst’s result was reobtained by G.
Barton [2] who used a much simpler technique, based
on the Euler-Heisenberg effective lagrangian. Later, this
same technique was used for a discussion of this effect
with plates of different nature as well as the analogous
effect in the context of scalar QED see ref(s) [3]. In 1995
Latorre, Pascual e Tarrach [4] noted that the results for
the speed of light variations obeyed the so called “magic
formula”
c¯ = 1−
44
135
α2
ρ
m4
, (1)
where c¯ is the speed of light averaged over all polariza-
tions and directions, m is the electron mass, α is the fine
structure constant and ρ is the corresponding vacuum
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energy density. The origin of this formula was elucidated
by Gies and Dittrich in 1998 [5].
In this paper we shall discuss the Scharnhorst effect
assuming that the electromagnetic fields are described
by a two-parameter lagrangian density, written as L =
L0+∆L, where L0 is the usual Maxwell lagrangian den-
sity, given by L0 = −F = (1/2)(E
2 −B2), and ∆L is a
correction term of the form
∆L = 4σF2 + βG2 = σ(E2 −B2)2 + β(E ·B)2 . (2)
In the previous equation σ and β are real constants (two
parameters) and F = (1/2)(B2 −E2) and G2 = (E ·B)2
are the only gauge invariant Lorentz scalars. Classical
corrections to the speed of light introduced by general
two-parameter lagrangians had been considered in other
papers for situations without boundary conditions [6, 7].
In particular, if we take σ = (e4)/(360π2m4) and
β = 7σ = (7e4)/(360π2m4) in equation (2), we reobtain
the Euler-Heisenberg lagrangian [8] (we brought back the
constants h¯ and c)
LEH = L0 +∆L
=
1
2
(E2 −B2) +
1
2E21
[
1
4
(E2 −B2)2 +
7
4
(E ·B)2
]
,
(3)
where α = e2/4πh¯c ∼= 1/137 is the fine structure con-
stant, E1 = [(45π
3mc2)/(2α2λ3C)]
1/2 is a constant with
dimensions of electric field and λC = 2πh¯/mc is the
Compton wavelength of the electron.
Another situation of special interest is a Born-Infeld
like lagrangian density
L˜ = E20
[
1−
(
1 + 2
F
E20
+ γ
G2
E40
)1/2]
, (4)
where γ is a real dimensionless constant and E0 is an un-
known constant with dimension of an electric field. For
γ = −1 we have the usual Born-Infeld lagrangian [9].
The Born-Infeld lagrangian was introduced for the first
2time in order to describe the dynamics of the classical
electromagnetic field, avoiding some kinds of problems
presented by the Maxweel theory[9, 10]. Some years lat-
ter, it reappeared in a completly different context. It is
worth noting that the Born-Infeld action was obtained as
a low energy action to the vector modes of opened strings
theory [11, 12, 13].
Expanding (4) in order E−20 we have
L˜ ∼=
1
2
(E2−B2)+
1
2E20
[
1
4
(E2−B2)2−γ(E ·B)2
]
, (5)
which has the same structure of (2) with σ = 1/(8E20)
and β = −γ1/(2E20).
In order to compute the Scharnhorst effect for our gen-
eral lagrangian density (2), we shall employ the technique
developed by G. Barton [2]. It is based on the fact that
a correction ∆L to the Maxwell lagrangian density pro-
duces a polarization P and a magnetizationM which are
given, for ∆L written as in Eq. (2), by
Pi =
1
4π
∂
∂Ei
∆L
=
1
4π
[
4σ(E2 −B2)Ei + 2β(E ·B)Bi
]
, (6)
Mi =
1
4π
∂
∂Bi
∆L
=
1
4π
[
−4σ(E2 −B2)Bi + 2β(E ·B)Ei
]
. (7)
The main step in Barton’s technique consists in substi-
tuting, in expressions (6) and (7), the electromagnetic
fields E and B by a sum of two fields, a classical field
and a quantized one: E −→ e+E , B −→ b+B. Here,
e and b are classical fields that describe the propagating
wave while E and B are, from now on, quantum field
operators, that will be taken as free fields, except by the
fact that their modes are altered by the presence of the
material plates. In this approximation, it is correct to
take the expansion of the quantum fields in terms of the
creation and annihilation operators, as usually done in
QED. Substututing these expressions for the fields into
(6) and (7), taking the vacuum expectation value, and
maintaining only the relevant linear terms in the classi-
cal fields e and b, we obtain
〈Pi〉|| =
1
4π
[
4σ
(
〈E2 −B2〉||δij
+ 2〈EiEj〉||
)
+ 2β〈BiBj〉||
]
ej =: χ
(e)
ij ej , (8)
〈Mi〉|| =
1
4π
[
4σ
(
−〈E2 −B2〉||δij + 2〈BiBj〉||
)
(9)
+ 2β〈EiEj〉||
]
bj =: χ
(m)
ij bj . (10)
where the symbol 〈...〉|| means that we are considering
the desired boundary conditions, we used the fact that
〈EiBj〉|| = 0 and also defined the electric and mag-
netic vacuum polarizabilities χ
(e)
ij and χ
(m)
ij . From the
quantities χ
(e)
ij and χ
(m)
ij , we obtain the electric per-
mitivity ǫij = δij + ∆ǫij and magnetic permeability
µij = δij +∆µij
ǫij = δij + 4πχ
(e)
ij
= δij + 4σ
[
〈E2 −B2〉||δij + 2〈EiEj〉||
]
+ 2β〈BiBj〉||
µij = δij + 4πχ
(m)
ij
= δij − 4σ
[
〈E2 −B2〉||δij − 2〈BiBj〉||
]
+ 2β〈EiEj〉|| .
(11)
Corrections in ǫij and µij will give rise to a variation
in the refraction index n = (ǫµ)1/2, given in first order
by ∆n = 1/2(∆ǫ + ∆µ). This variation implies a ve-
locity of light c′ given by c′ = c/n′ = c/(n + ∆n) ∼=
(1 − ∆n/n)(c/n) = 1 − ∆n, where we used that the
free vacuum refraction index n (without boundary con-
ditions) is equal to unity (in our unity system c = 1).
With all previous results we can obtain the influence
in the speed of light due to the presence of two infinite
parallel plates, assuming the dymanics of the electromag-
netic fields described by the Maxwell lagrangian density
plus the two-parameter correction (2).
For convenience, let us assume that the plates are par-
allel to the OXY plane, with one of them located at z = 0
and the other one at z = L. Then, let us consider a wave
propagating perpendiculary to the plates, that is, in the
zˆ direction, and a wave propagating in a direction par-
allel to the plates, for instance, in the xˆ direction. In
both cases, there are two possible polarizations, and in
each case, we must take appropriately the electric and
magnetic susceptibilities from equations (11), in order to
compute the changes in the refractive index, as follows.
• Propagation parallel to the plates (k = ±|k|xˆ)
1. Polarization in the yˆ direction:
e = e2 yˆ
b = b3 zˆ
=⇒
∆ε = ∆ε22
∆µ = ∆µ33
, (12)
∆n = 4σ
(
〈E2E2〉||+〈B3B3〉||
)
+β
(
〈B2B2〉||+〈E3E3〉||
)
.
(13)
2. Polarization in the zˆ direction:
e = e3zˆ
b = b2yˆ
=⇒
∆ε = ∆ε33
∆µ = ∆µ22
, (14)
∆n = 4σ
(
〈E3E3〉||+〈B2B2〉||
)
+β
(
〈B3B3〉||+〈E2E2〉||
)
.
(15)
3• Propagation perpendicular to the plates
(k = ±|k|zˆ)
1. Polarization in the xˆ direction:
e = e1xˆ
b = b2yˆ
=⇒
∆ε = ∆ε11
∆µ = ∆µ22
, (16)
∆n = 4σ
(
〈E1E1〉||+〈B2B2〉||
)
+β
(
〈B1B1〉||+〈E2E2〉||
)
.
(17)
2. Polarization in the yˆ direction:
e = e2yˆ
b = b1xˆ
=⇒
∆ε = ∆ε22
∆µ = ∆µ11
, (18)
∆n = 4σ
(
〈E2E2〉||+〈B1B1〉||
)
+β
(
〈B2B2〉||+〈E1E1〉||
)
.
(19)
From now on we shall restrict ourselves to three dis-
tinct boundary conditions:
(i) Two conducting plates-(CC)
This configuration refers to two parallel and perfectly
conducting plates. The field correlators, submitted to
these boundary conditions, are given by [14]
〈0|E21 (x)|0〉 = 〈0|E
2
2(x)|0〉
= −〈0|B23(x)|0〉 =
π2
48L4
(
F (θ)−
1
15
)
,
〈0|E23 (x)|0〉 = −〈0|B
2
1(x)|0〉
= −〈0|B22(x)|0〉 =
π2
48L4
(
F (θ) +
1
15
)
,
(20)
where we defined F (θ) = 3/ sin4(θ)− 2/ sin2(θ) with θ =
π/(Lz). Substituting results (20) into equations (13) and
(15), we obtain a null variation for the refractive index
of a wave propagating parallel to the plates: ∆nCC‖ = 0,
which means that there is no variation at all for the speed
of light when the propgation is parallel to the plates.
For a propagation perpendicular to the plates, equations
(20), (17) and (19) give ∆nCC⊥ = −π
2(4σ+β)/(23325L4).
(ii) Two infinitely permeable plates-(PP)
The electromagnetic field correlators for this set up are
given by [15]
〈0|E21(x)|0〉 = 〈0|E
2
2 (x)|0〉
= −〈0|B23(x)|0〉 = −
π2
48L4
(
F (θ) +
1
15
)
,
〈0|E23(x)|0〉 = −〈0|B
2
1(x)|0〉
= −〈0|B22(x)|0〉 = −
π2
48L4
(
F (θ)−
1
15
)
.
(21)
Substituting results (21) into equations (13), (15), (17)
and (19), we obtain the same results as those found for
the CC conditions presented above, namely:
∆nPP‖ = 0 ; ∆n
PP
⊥ = ∆n
CC
⊥ = −
π2
23325
1
L4
(4σ + β) .
(22)
(iii) A perfectly conducting plate and an in-
finitely permeable one -(CP)
This configuration refers to a perfectly conducting
plate at z = 0 and an infinitely permeable one at z = L.
The electromagnetic field correlators for this set up are
given by [15]
〈0|E21(x)|0〉 = 〈0|E
2
2(x)|0〉
= −〈0|B23(x)|0〉 =
π2
96L4
(
G(θ) +
7
60
)
,
〈0|E23(x)|0〉 = −〈0|B
2
1(x)|0〉
= −〈0|B22(x)|0〉 =
π2
48L4
(
G(θ) −
7
60
)
,
(23)
where we defined G(θ) = 6 cos θ/sen4θ − cos θ/sen2θ.
Substituting (23) into equations (13), (15), (17) and (19),
we obtain
∆nCP‖ = 0 ; ∆n
CP
⊥ = −
7
8
∆nCC⊥ =
7π2
26325
1
L4
(4σ + β) .
(24)
From the results established previously we see that, for all
the considered boundary conditions, the speed of light is
unaltered for propagation parallel to the plates, whatever
the coeficients σ and β of the two-parameter lagrangian
density are.
For a propagation in an arbitrary direction, making
an angle Θ with the normal vector to the plates (zˆ di-
rection), we have c ′(Θ) = 1 − ∆n⊥ cos
2Θ. In order to
find a “magic formula” for the lagrangian (2), we avarage
the speed c ′(Θ) over all polarizations and directions, a
procedure which leads to
c¯ ′ = 1−∆n⊥/3 , (25)
and compute the energy density of the electromagnetic
field in the vacuum state, ρ = (1/2)〈0|
(
E2 +B2
)
|0〉, for
the three considered boundary conditions, which can be
done with the aid of correlators (20), (21) and (23):
ρCC = ρPP = −
π2
24325
1
L4
, ρCP = −
7
8
ρCC . (26)
Now, with the previous results, we can show that for the
considered cases
c¯ ′ = 1−
2
3
(4σ + 2β)ρ , (27)
which is the “magic formula” for the two-parameter la-
grangian density L = L0 + ∆L, where ∆L is given by
equation (2).
4Choosing coeficients σ and β to give the Euler-
Heisenberg lagrangian (3), we get for the speed of light
perpendicular to the plates:
(c′)CC⊥ = (c
′)PP⊥ = 1 +
11π2
223452
α2
(mL)4
= 1 +
11α2
263452π2
(
λC
L
)4
> 1 , (28)
(c′)CP⊥ = 1−
7
8
11π2
223452
α2
(mL)4
= 1−
77α2
293452π2
(
λC
L
)4
< 1 , (29)
where λC = 2π/m is the Compton wavelength. These
results, which are particular cases of ours, are in perfect
agreement with those found in literature [1, 2].
Taking σ and β to give the lagrangian density of the
Born-Infeld tipe (5), we have
(c′)CC⊥ = (c
′)PP⊥ = 1+
π2
24325
(1 − γ)
1
(E0L2)2
,
(c′)CP⊥ = 1−
7π2
27325
(1 − γ)
1
(E0L2)2
. (30)
The magic formula for this Born-Infeld-like lagrangian
density reads (for the averaged velocity of light)
c¯′ = 1−
1
3
(1− γ)
ρ
E20
(31)
For a lagrangian density with the general form (2) we
showed that the speed of light for a propagation parallel
to the plates isn’t changed. For a propagation perpendic-
ular to the plates, the boundary conditions CC and PP
give the same variation for the speed of light. For the
CP case, the variation in the speed of light has an oppo-
site sign compared with the results found for the other
two ones. In fact, if we take into account equation (27)
and the vacuum energy densities for the three considered
boundary conditions, this result is expected. For a Born-
Infeld like lagrangian density, given by (5) with a generic
coeficient γ, we can verify according to (30) or (31), the
following results.
If we take a factor γ < 1 we will have
γ < 1 =⇒ (c′)CC⊥ = (c
′)PP⊥ > 1 , (c
′)CP⊥ < 1 . (32)
In the cases where γ > 1, we obtain
γ > 1 =⇒ (c′)CC⊥ = (c
′)PP⊥ < 1 , (c
′)CP⊥ > 1 . (33)
However, a very peculiar result occurs when we take
γ = 1: if we take γ = 1 we will not have, in the considered
approximation (order 1/E20), any change in the speed of
light due to the presence of the plates. Then, we have
γ = 1 =⇒ (c′)CC⊥ = (c
′)PP⊥ = (c
′)CP⊥ = 1 . (34)
This is an interesting result because, even if we do not
take into account quantum effects, the lagrangian density
(4) with γ = 1 will give a null variation for the speed of
light [6, 7].
The fact that we obtained values for the speed of light
greater than c = 1 is not in disagreement with causality,
since these are phase velocities, and all results presented
here are valid only for low frequencies. In order to eluci-
date this point, one must consider the propagation of a
wave-packet and analyse the speed of the wave front.
As a last comment, we would like to emphasize that
Barton’s technique is well suited for calculating varia-
tions in the speed of light due to several other reasons,
as for example: thermal effects, other kinds of bound-
ary conditions, etc. All one has to do is to consider the
appropriate electromagnetic field correlators.
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